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Abstract 

We investigate the dynamics of Randall- Sundrum AdSs braneworlds with 
5-dimensional conformal matter fields. In the scenario with a compact fifth 
dimension the class of conformal fields with weight -4 is associated with exact 
5-dimensional warped geometries which are stable under radion field pertur- 
bations and describe on the brane the dynamics of inhomogeneous dust, gen- 
eralized dark radiation and homogeneous polytropic dark energy. We analyse 
the graviton mode fiutuations around this class of background solutions and 
determine their mass eigenvalues and wavefunctions from a Sturm-Liouville 
problem. We show that the localization of gravity is not sharp enough for large 
mass hierarchies to be generated. We also discuss the physical bounds imposed 
by experiments in particle physics, in astrophysics and in precise measurements 
of the low energy gravitational interaction. 



1 Introduction 



In the AdSs Randall-Sundrum (RS) scenario [H Ej our visible 4-dimensional (4D) 
Universe is a 3-brane world embedded in a Z2 symmetric 5D anti-de Sitter (AdS) 
space. In the RSI model jT] the fifth dimension is compact and there are two 3- 
brane boundaries. In this setting gravity is exponentially localized near the hidden 
positive tension brane and decays towards the observable negative tension brane. The 
hierarchy problem is then reformulated as an exponential hierarchy between the weak 
and Planck scales [T]. In the RS2 model j2j the AdS5 orbifold has an infinite fifth 
dimension and a single visible positive tension brane to which the gravitational field 
is exponentially bound. 
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In the visible brane the low energy theory of gravity is 4D general relativity and 
the cosmology may be Friedmann-Robertson- Walker pP-jTUj. In the RSI model this 
requires the stabilization of the radion mode with for example a 5D scalar field jHI El 
iniCni- Using the Gauss-Codazzi formulation fH^j many other braneworld solutions 
have been discovered although a number of them have not yet been associated with 
exact 5D spacetimes P^-[T^. 

In this paper we continue the research about the dynamics of a spherically sym- 
metric RS 3-brane when conformal matter fields propagate in the bulk ^Zj-jSO] (see 
also |2I] ) • Some time ago [TH HHj we have discovered a new class of exact 5D dy- 
namical warped solutions which is associated with conformal fields characterized by 
an energy-momentum tensor of weight -4. These solutions were shown to describe 
on the brane the dynamics of inhomogeneous dust, generalized dark radiation and 
homogeneous polytropic matter jTTl^j. The latter in particular refers to a perfect 
dark energy fluid and describes the accelerated expansion of our Universe. The radion 
may be stabilized by a sector of the conformal bulk fields of weight -4 while another 
sector generates the dynamics on the brane. The stabilization requires a bulk fluid 
sector with a constant negative 5D pressure and involves new warp functions PU] . 
If the theory of gravity on the brane deviates from that of Einstein the existence 
of such dynamical geometries requires the presence of non-conformal matter fields 
confined to the brane [23- In this work we analyse the graviton field perturbations 
around this class of background geometries and determine their mass eigenvalues and 
wavefunctions from a Sturm-Liouville problem. We show that gravity is not sufi- 
ciently localized near the positive tension branes to be able to generate large mass 
hierarchies. We also discuss the physical bounds imposed by experiments in particle 
physics, in astrophysics and in precise measurements of Newton's law of gravity. 



2 5D Einstein equations and conformal fields 

The most general non-factorizable dynamical metric consistent with the Z2 symmetry 
in the fifth dimension and with 4D spherical symmetry on the brane is given by 

All = (d^' - e'-'dt^ + e^^dr^ + R^dnj) , (1) 

where {t, r, 6, (j), z) are the coordinates mapping the AdSs orbifold. In this set z is 
related to the cartesian coordinate y hj z = /e^/', ?/ > 0, with I the AdS radius. 
The functions VL = Q{t, r,z), A = A[t, r, z), B = B{t, r, z) and R = R{t, r, z) are Z2 
symmetric. R{t, r, z) represents the physical radius of the 2-spheres and f2 is the warp 
factor characterizing a global conformal transformation on the metric. 

In the RSI model the classical dynamics is defined by the 5D Einstein equations, 

g;: = (ab^;: + ^ [\5 {z - z,) + {z - z',)] {5; - 5151) - 1;| , (2) 
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where Ab is the negative bulk cosmological constant and kI = Svr/Mf with M5 the 
fundamental 5D mass scale. A, A' are the brane tensions and is the stress-energy 
tensor of the matter fields which in 5D is conserved, 

V^t/ = 0. (3) 
For a general 5D metric g^i, Q and Q form a complex system of differential 



equations. To solve it let us introduce some simplifying assumptions [20]. First 
consider that the bulk matter is described by conformal fields with weight s. Under the 
conformal transformation ^^j^ = Q^Qfj^iy the stress-energy tensor satisfies = Vt'^^'^T^ . 

Then separate the conformal tensor 7^^ in two sectors and f/^ with the same weight 
s, = f;; + f/^ where f; = fi^+^T; and = Vl'+^U^, and take s = -4. Finally 
consider A = A{t,r), B = B{t,r), R = R{t,r) and = n{z). Then © leads to 

G'a = (4) 

Gl = kItI (5) 
QVl-^{d,Vlf + k^^^Ab = (6) 

[?,n-^dln + 4^'' {Ab + n-^ [\5{z - zo) + \'5{z - /o)]}} 5a = 4ul (7) 

where the latin indices represent the 4D coordinates t, r, 6 and 0. On the other hand 



from Q we also obtain 

^aTS = (8) 

and the equations of state 2X5^ = T^, 2[/| = U^. turns out to be a constant 
diagonal tensor, [/^ = diag(— p, Pi-^Pt^Pt^Ps), with the density p and pressures 
Pt, p5 satisfying = — 2p = 2pr = 2pT- Note that V = is an identity. If 
= diag (— p,pr,PT,PT,P5) where p, p^, Pt and p^ are, respectively, the density and 
pressures then its equation of state is re-written as 

p-p,-2pT + 2p5 = 0. (9) 



3 Exact 5D warped solutions 

The AdSs braneworld dynamics is defined by the solutions of (jlj) to Q [2DI- Solving 
(0) and ((Tj) we obtain 

m ^ eH*. (1 ,p|e-./') . A ^ A^si^. A' ^ -A.1^|^£M. ,10) 

where = P5/(4Ab), Ars = ^/i^'^l) and Tc is the RS compactification scale. 

To determine the dynamics on the brane we solve and (0) when satisfies 
(jHI) and © [20] • Note that as long as p^ balances p, pr and pt according to ^ and 
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Q, the 4D equation of state is not constrained. Three examples corresponding to 
inhomogeneous dust, generahzed dark radiation and homogeneous polytropic matter 
were considered in ^7j and ^H]- The latter describes the dynamics on the brane of 
dark energy in the form of a polytropic fluid. The 5D dark energy polytropic solutions 
are HU 



1 — fcr^ 



where S satisfies SS'^ ■ 
polytropic phases. For 



KKrjS + a)i-"/3 — kS. a and rj characterize different 
-1 < a < the fluid is in its generalized Chaplygin phase. 



4 Radion stability 



Provided the equation of state of the conformal fluid is independent of the radion 
perturbation, these solutions are stable for a range of the model parameters if p| > 
|20j. Using X = y/vc the radion mass is given in terms of the dimensionless radion 
mass parameter M (see figure [T} 



1 4|M| 

sr^dxQ^- 



M 



(0) 



6r| 



dxQ^ 



(12) 
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Figure 1: Plot of radion mass parameter M for l/r^ = 5. Thick line, < p| < 
: A > 0, A' < 0. Thin line, e'^^/^ < p| < 1 : A > 0, A' > 0. Dashed line, 
p| > 1 : A < 0, A' > 0. 

For > the stability of the AdSs braneworlds also depends on the dimensionless 
ratio l/vc- For I/tc < 1.589 ■ ■ ■ all solutions turn out to be unstable. Stable universes 
begin to appear at I/tc = 1.589 ■ ■ ■ ,Pb = 0.138 • • •. For l/vc > 1.589 ■ ■ • we find stable 
solutions for an interval of p| (see in figure [T] the example of Z/rc = 5) which increases 
with I/tc- For large enough but finite l/r^ the stability interval approaches the limit 
]0.267 • • • , 3.731 ■ ■ ■[. Naturally, M ^ if l/r^ oo. 

The particle physics bound for the radion mass is > 35 — 120 GeV [2H]- 
For fixed l/vc the order of magnitude bound > 100 GeV requires a small fifth 
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dimension, Tc < 1 x 10 mm. Since the 5D mass scale is related to the 4D Planck 
mass = Stt/k^ ~ 1 x lO^^GeV by Mlrjl^dxn'^ = M| we conclude that M5 > 
2 X 10^° TeV. Consequently this radion is invisible in astrophysical processes which 
require at least > 100 MeV It is also invisible in precision Newton's law 

measurements which imply > 6.25 x 10~^ eV |23j . 

If the scale M5 is high enough then the radion may be light. The direct bound 
from particle physics is M5 > 1 — 2 TeV From astrophysics it may be as high 
as M5 > 1 - 200 TeV jSj- Now > 6.25 x 10"^ eV corresponds to a large fifth 
dimension with Tc < 160/im. Then the 5D scale is indeed high, M5 > 4 x lO^TeV. 

These results are a consequence of the absence of a large mass hierarchy, m = 
Q{nrc)mQ, Q{nrc) ~ 1 — 100, and as order of magnitude estimates they hold for all 
the p| stability range. 



5 The gravitons 

To analyse the graviton field perturbations around the background (7^1, let us write 
the classical 5D Einstein equations as 

G^, = -kIM^u, (13) 

where the energy- momentum tensor M.^v is 

M^, = [X6 {y - yo) + X'6 {y - y'^)] (g^, - S^g^u - ^^5^' + 955^161 
vfl'55 ^ 

+ Ab^;.. - (14) 

Consider the graviton perturbation h^y such that = + Using /i^,^ = 

h^u — \gfiuh where h = h'^ we find 



+ G[Ji,)p + -Rhg^,. (15) 
On the other hand J^fj,v = -Mfiu + 5M.^u- Since Gfj,^ = —K^M-^y we obtain 

~\ (v' V + 9^..^''^''Kp) + ^i^N'^Ku) + RlfKp = 

- <5q,^i.)/3 - ^Rhg^u - Kl5Mf,u. (16) 

Assume a flat brane background gab = ^'^{y)Vab,g55 = l,^?5a = ga5 = 0,Va. Con- 
sider also the graviton perturbation gab = (jab + hab,g55 = 955,950 = g5a and the RS 
gauge d^-hab = h = 0. Then 

- ^V' V + Kuhafs + G^K^p = -k16M^u. (17) 
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Expanding we find 



ab 



KlSMab 



The conformal 5D energy-momentum tensor T^^, is 

2Abp| - 



ab 



-Qabi 



%i5 — %,n — 0, 



4AbPb ~ 



- 5a 



55 



-955 



Then the energy-momentum tensor perturbation is 

/ 2p^ ^ 



6M 



ab 



Ar 1- 



^2 



hab + [A5 {y - yo) + A'5 {y - y'o)] /lafe 



(19) 



(20) 



Using the warp equations (0) in the y coordinate and writting the graviton 
wave function as hab = ^^^^"^abiy) where p2 = —777,2 obtain the following Sturm- 
Liouville problem 



-^dyiJab + ^ 



1 - 2p^e 



5 p2|j/|A 



(1 + ple^l^l/' 



/ 2 1-p5 



2 1 - p|e2^^-/' 



5(2/ - Trr,)^,, = m2e=^IJ'l/'(l +p|e2|^l/')"Vafe 



7 11 5 27rr //"^^ '"cyrao — " " ^ i i /^B^ / rao (21) 

The eigenvalues vn} are positive or zero leading to m > 0. The set is infinite but 
discrete, m^, z = 0, 1, ■ ■ ■ + cxd. There is just one massless graviton, mo = 0. It has a 
positive wave function ^/'o in the fifth dimension. This wave function is localized near 
the positive tension branes. The massive gravitons have oscillating wave functions 
'(/'j,'i = l,--- + oo. Their masses and mass splittings decrease when increases. For 
the solutions with a stabilized radion there is no hierarchy between graviton wave 
functions (see figure Ej) so that gravity is not strongly localized. 
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^UrG 2. Plot of graviton wave functions i/j for Z /rc — 5 and — 0.25. Shown arc the massless graviton and the first four 
massive gravitons. The mass scale is set by — 100/J.m— 1 X lO^cV""''. 
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Like the radion the massive gravitons may be above the TeV scale. Their mass 
sphttings have the same order of magnitude. The radion and the less massive graviton 
have similar masses. The massive gravitons may also be light. Newton's potential is 



Since |'?/'iP/|V'oP ~ 1 we must have < 160/im and mi > 1 x 10 ^eV. 

6 Conclusions 

In this paper we have analysed exact 5D solutions describing the dynamics of AdSs 
braneworlds when conformal fields of weight -4 exist in the bulk. We have considered 
solutions for which gravity is localized near the brane and the dynamics on the brane is 
for example that of inhomogeneous dust, generalized dark radiation and homogeneous 
polytropic dark energy. We have seen that the radion may be stabilized using only 
the conformal bulk fields of weight -4 which generate the dynamics on the brane. 
This requires invariance of their equation of state under the radion perturbation, a 
stabilizing sector with a constant negative 5D pressure and new warp functions. We 
have also discussed graviton perturbations and determined their mass eigenvalues and 
wave functions from a Sturm-Liouville problem. Besides a massless graviton localized 
on the positive tension branes we have seen that this scenario involves an infinite 
discrete set of increasingly massive gravitons. We have shown that the new stabilizing 
warp functions are unable to generate a large mass hierarchy and that gravity is 
not strongly localized near the branes. Possibilities to overcome this problem are 
the introduction of supersymmetry j21I or of a non-conformal 5D scalar field to 
stabilize the radion field. This analysis is left for future research. Finally we have also 
shown that to satisfy the current observational constraints [22] the radion and the 
less massive graviton may either be heavier than ~ lOOGeV corresponding to a small 
fifth dimension ~ 1 x 10~^^mm or light with mass above ~ 1 x 10~^ eV corresponding 
to a compactification scale of the order of lOO/xm. 
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